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ABSTRACT

For any non linear function Y=f(X) regression may be
obtained by fitting a polynomial. The general form of the

polynomial regression is as given under:-

where, Y is a dependent variable.

The coefficients éo’ ay, «e.. A are the . regression
coefficients and are determined by the least square method of
parémeter estimation. The power order m is chosen so as to
minimize the sum of squres of deviations from the line.- The
user's manual gives the details of a compﬁter‘progrémme for
polynomial regression. In the.brogramme powers of an indepen-
dent variable are generated to calculate polynomials of
successively increasing degreeé. If there is no reduction in
the residual sum of squares between two successive degrees of
polynimals, the programme terminates the problem before com-
pleting the analysis for the highest degree polynémial speci-
fied. The output of the programnincludes.regression coeffici~
ents for successive degree polynomials, analysis~of variance
table for successive degree polynomials, table of residuals
for the final degree polynomial and plot of Y values and Y

estimates versus base variable X.

This manual also describes various statistics given in




the programme output with example, input data specifications
and output description. The programme is written in
FORTRAN IV. The manual also gives hardware and software

requirements of the programme.
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1.0 INTRODUCTION

Regression represents a mathematical equation expre-
ssing one random variable as being correlatively related to
another random variable of several random variables. The
regression equation may be any function that can be fitted
to a set of observed variables. If the variables are linear-
aly zelated, then the regression is called linear regression.
In non linear regression, the variables are not linearly

related.

For any non linear function Y = F(X) regression may be
obtained by fitting a polynomial. The general form of the

polynomial regression is as given under :

= 2 m
Y—ao+alx+a2X +.......+amx + € -oo'(l)

The coefficients dyr8q, ceeee, 8 are the regression
coefficients and are determined by the least square method of
parameter estimation. The power order m is chosen sgo as to
minimize the sum of the squares of deviations from the line.
The power m should be much lower than the sample size N in
order to have a sufficient number of degrees of freedom
(N-m-1) and to have a reliable estimate of the standard devia-
tion. Generélly the value of m is between 2 and 4 as it is

very difficult to physically ekplain higher degree of m.




It is preferable to plot the data first to have a prel-
iminary idea about the value of m or the degree of polynomial

to be filled to the data.

1.1 Purpose and Capabilities

The programme calls various subroutines to perform the
regression analysis. The programme prints the'regression co-
efficients and analysis of variance tables for pclynomials of
successively increasing degrees. The programme also optionally
prints the table of residuals and a plot of Y values and Y.

estimates.

The programme for polynomial regression can cater upto
100 observations and 10th degree polynomial. To handle more
observations, the dimensions in the main programme should be

changed.

1.2 Definitions of the Terminology Related to the Topic

a. Sum of squares due tOo regression:
This represents the portion of variance due to

regression. This is given by following equation:-

SSDR = % P -y 2 | e (2)
I

1

SSDR : sum of squares due to regression

Y,' : Estimated value of dependent variable
Y : Mean of depéndent variable
N : Total number of observations




The number of degrees of freedom (NDF) will be equal
to the degree of polynomial.
b. Mean squares due to regression
Mean squares due to regression is the ratio of sum of
squares due to regression and number of degrees of freedom.

SSDR .. (3)

MSDR = W

where

MSDR : Mean squares due to regression

NDF : Number of degrees of freedom

c. Sum of squares from regression

Sum of squares from regression is the portion of

variance which is due to deviation from regression.

N . 2
SSFR = 1 ( ¥! - v.) .e.(4)
i1 i i
where,
SSFR : Sum of squares from regression
Yi : Observed value of dependent variable
Yi : Estimated value of dependent variable
The number of degrees of freedom associated with it
is equal to (N-m-1l). Here m is the degreeof polynomial.

d. Mean sguares from regression

Mean squares from regression is the ratio of sum of
squares from regression and number of degrees of freedom.

SSFR., ... (5)

MSFR = 2= 3




where,

MSFR : Mean squares from regression.

e. F Value:

F value is the ratio of mean squares due to regression

and mean squares from regression.

MSDR | ... (6)

1.3 Scope

The programme for polynomial regression can be used

for the analysis of trend in the hydrologic data.

1.4 Hardware and Software Requirements

Fortran compiler and simple fortran instructions are
required to run the programme. The programme has been imple-
mented and modified on DEC-2050 and VAX-11/780 system.
However, the same programme can.be used with little or no
modifications on any other computer system also. The memory
requirement depends upon the length of the data which will |

modify the dimension statement of the programme.




2.0 SPECIFIC METHOD

The regression coefficients are estimated by the

method of least squares for the sum of squares of residuals.

The sum of squares of residuals is given by the following

equation :

' 2

o=

Ci=1

where,

Yi : Estimated ith value of Y

Y. th value Qf Y

1

Observed i

th

e e (7)

Estimated i*® value of Y is given by the

following equatidn for m degree polynomial;

2 .
{ ] = 3
Y}o=ag fagX; fayXy b ...t a X7
The N equations are :
Y'=a+vax-.!-a’"2+ R
1 o 171 271 S |
(- a X
Yy o= ag + ajXy + ayXy + ... +agX
Y' = a +aX_ +a.x° + . 4+ a X%
n o 1%n 2°n ttt m'n

N

... (8)

The above equations can be'written'in matrix form

as follows:

[¥]
"

‘-[g] LDq.-  f"}

‘Nx1 vector of observations

Nxm matrix

)




Bﬂ = mxl vector of unknown parameters

Equation (9) can be written as

[XTJ [v] = [x ] [x] [a] -+ (10)
Solution of equation (10) is obtalned by pre-multip-
e -1
lying byv[x -x] - , - .

r -1 Fa

[ =) [XTJ ] - [x x] B S

or [A [% X j [ ] [y] e (11)

Here[Ajls a vector of m regre351on coefflolents. '

‘2Ql . General Descrlptlon

2 11 Programme descrlptlon.j:,
The computer programme for polynomlal regress1on

coneists of the maln routlne named PREG and- flve other sub-
routlnes named’ (HATA for data matrlx generatlon for poly-
nomial regre551on, ORDER for rearrangement of 1ntercorre1a—
tions, MINV for matrlx 1nver51on, MULTR for multlple 11nearv
regression and PLOT for plotting. Subroutines are described,

below:

A. Subroutine GDATA( N,M,X,XBAR,STD,D,SUMSQ )

This subroutine generates independent variahles upto
the mth power (the highest degreevpolynomial speoified) and
calculates means, standard deviations, sums of cross products
of deviations from means and product moment correlation

coefficients. The calling arguments are :

N : Number of observations

M : The highest degree polynomial to be fitted




XBAR

STD -

SUMSQ

Input matrix (Nxm+1). When the subroutine

is called data for the independent variables
are stored in the first column of matrix X
and data for the dependent variable are
stored in the last column of the matrix. Upon
returning to the calling routine,genera-
ted powers of the independent variable are

stored in columns 2 through m

Output vector of length m+l containing means
of independent and dependent variables
Output»vector of length m+l containing
standard deviations

Output matrix containing correlation

: coefficients

Output vector of length m+l containing sums

of products of deviations from means of

independent and dependent variables

B. Subroutine ORDER (M,R,NDEP,K, ISAVE,RX,RY)

The purpose of this subroutine is to construct from

larger matrix of correlation coeffcients a subset of matrix

of intercorrelations among independent variables and a vector

of inter-correlations of independent variables with dependent

variable. The calling arguments are:

M

R

Number of variables and order of matrix R

Input matrix containing correlation

coefficients




NDEP

ISAVE

‘RX

RY

C. Subroutine MINV (A,N,D,L,M)

The subroutine is used for matrix inversion. Various

calling arguments are :

A

se

The subscript number of the dependent
variable

Number of independent variables to be incl-
uded in the forthcoming regression, K must
be greater than or equal to 1

Input vector of length K+1, containing, in
ascending order, the subscript numbers of K
independent variables to be included in the
forthcoming regression, upon returning to

the calling routine, this contains in

addition, the subscript number of the depen-
dent variable in K+l position

Output matrix (K x K) containing intercorr-
elations among independent variables to be
used in forthcoming regression

Ontput vector of length K containing inter-
correlations of independent variables with

dependent variable

Input matrix destroyed in computation and
replaced by resultant inverse
Order of matrix A

Resultant determinant




L

M

Work vector of length N

Work vector of length N

B, SB,T,ANS)

This subroutine performs a multiple linear regression

analysis for a depehdent variable and a set of independent

variables.

N
K

XBAR

STD

RX

RY

ISAVE

The calling arguments are :

.

Number of observations

Number of independent variables in regression
Input vector of lengthm+lcontaining means

of all the variables

Input vector of lengthmtlcontaining standard
deviations of all the variables

Input vector of lengthmtlcontaining the

diagonal of the matrix of sums of cross

products of deviations from means for all

variables

Input matrix (K x K) containing the inverse

of intercorrelations among independent

variables
Input vector of length K containing inter-

correlation of independent variables with

-dependent variable

Input vector of length K+l containing sub-
scripts of independent variables in ascending
order. The subscript of the dependent varia-

ble is stored in the last K+l position

9




B : Output vector of length K containing regress-
ion coefficients
SB : Output vector of length K containing stand-

ard deviation of regression coefficients

T : Output vector of length K containing t
values
ANS : Output vector of length 10 containing the

following information:

ANS (1) : intercept

ANS (2) : mnmultiple correlation coefficient
ANS (3) : standard error of estimate

ANS (4) : sum of squares attributable to

regression (SSAR)

ANS (5) : degreesof freedome associated
with SSAR

ANS (6) : mean squares of SSAR

ANS (7) : sum of squares of deviations

from regression SSDR

ANS (8) : degrees of freedom associated
with SSDR
ANS (9). : . mean squares of SSDR

ANS (10) : F value
E. Subroutine PLOT (NO,A,N,M,NL,NS)

The purpose of this subroutine is to plot Y values and
Y estimates versus base variable X. The calling arguments

are:

10




NL

NS

Chart number

Matrix of data to be plotted. First

.

column represents base variable and
sSuccessive columns are the cross
variables (maximum 9)

Number of rows in A

Number of columns in matrix A ( This is

equal to the total number of variables,
maximum is 10)

: Number of lines in the plot. If 0 is
specified 50 lines are used

Code for sorting the base variable data

in ascending order
0 if sorting is not necessary

1l if sorting is necessary

2.1.2 Programme modifications

The programme capacity can .be increased or decreased

by making changes in dimension statements. The following are

the general rules for the programme modifications.

(a)

(b)

The dimension of array X must be greater than or
equal to the product of N (m+1l) where N is the

number of observations and m is the highest degree

‘polynomial to be fitted.

The dimension of array DI must be greater than or

equal to the product of (m x m).




(c) The dimension of array D must be greater than or
equal to (h+2) (m+1) /2.

(d) The dimensions of arrays B,E,SB, and T must be
greater than or equal to the highest degree

. polynomial to be fitted, m.

(e) The dimensiqns of arrays XBAR,STD,COE,SUMSQ and
ISAVE must be greater than of equal to (m+l).

(f) The dimension of array P must be greater than

or equal to 3XN.

2.2 Data Requirement

The data of indepehdent and dependent variable for
which the regression analysis is to be performed, are
regquired. The pairs of independent and dependént variables

should be complete without any gap.

2.3 Analysis

The analysis of 93 years stage déta of river Narmada

at Broach is given in subsequent sections :

The. general form of the regression equation is :

_ 2 ' m

The highest degree of polynomial to be fitted to the

stage data is 2. So the regression analysis will be perform-

ed for two cases.

12




2.4

1
Case II
- 2
Y = a, + alX + a2X + €
Case I
(a) -Regression coefficients are calculated by method

of>least squares and are
24.623 6 & 0.0611

(b) Sum of sqﬁares'due fo regression and sum of
squares from regression are calculated by
equation 2 and 4 and are 250.38 and 1615.39
respectively.

(c) Mean squares due to regression and mean squares
from regression are calculated by equations 385

and are 250.38 and 17.75156 respectively.

(d) F value is given by equation 6. The F value is
14.10 .
(e) Improvement in terms of sum of sgquares is equal

to the improvement in sum of squares due to

regression, so this is egual to 250.38

For Case II the analysis is done in similar way.

Advantages and Limitations




2.4.1 Advantages

The program for polynomial regression can deal with
upto 100 observations and lOth degree polynomial. In the
programme powers of an independent variable are generated
nto calculate polynoﬁials of successively increasing degrees.
If there is no reduction in the residual sum of squares
between two successive degrees of polynomials, the programme
terminates the problem before completing the analysis for

the highest degree polynomial specified.

2.4.2 Limitations

1. The programme cannot deal with variables with
missing data.

2. The degree of polynomials will always start from
one.

3. The relationship developed should not be used

for extrapolation as the confidence intervals on the
regression line become very wide as the distance from

X is increased. Secondly the relationship or the

equation of regression line may be different outside

the range.

. 2.5 Programme Details

The listing of the source programme is given in
Appendix I. Input data specifications and output details

have been described in Appendix II and ITII. The test data

14



for which the programme has been run and corresponding data

file and output file have been given in Appendix IV, V and VI

respectively.




3.0 RECOMMENDATIONS

The programme for polynomial regression can deal with
upto 100 observations and 10th degree polynomial. If a
problem is satisfying above two conditions then the programme
can be used as such. However, if a problem is having more
than 100 observations or if greater than 10th degree
polynomial is desifed, the dimension statements must be

changed according to the rules given for programme modifica-

tion

16
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APPENDIX I

Polynomial Regression Programme

MASTER POLYNDMIAL FREGRESSION
DUMEMNRT YO0 e RTL00 s DRIAEY s RELOYsECANY 1 QR(T0Y <
ATOL0 A RERRIIT s STRE L X s COES 1T s EUMSQITL 10 IRAYF L1 1,
2ANSIL0Y s P EAN0 A TITLE /80
OPEN(UMIT=SFILE="FREG. DAT s STATUS="OLD "}

ORFENIUNT T=8s FILE="PRER, QUT a RTATHR = NEY 7
FORMAT (IS 122112

FORMAT(2F&, 0

FORMAT(1X' POLYNOMIAL REGRESSIOMN. v vvvs '/

FORMAT (/s NUMRER 0OF QREERVARTONS s T4/

FORMAT (/¢ POLYMOMIAL REGRESSION OF REGREE’ s 1Y
FORMAT(© INTERCEPT 820,42

FORMAT (/s * REGRESSION COEFFICIENTR FLAFD0, 41
FORMAT(IHOS 200 7 ANALYSTR DF YARTENCE FOR‘ 2 Y44
1/DEGREE OF FOLYNONIAL'Y

FORMATCIHO: 10 "SDURCE OF WARTATION %X "REGREE OF ¢
1o iy "SUM OF 7 s T4 SHMEAM  SX s THF » 435  INPROVFHENT IN
2TERMR S248Y 5 ‘FREEDMM 5 4% s ‘BOUARES " £ I¥ s * BQUARS © a2 4
TSHYALUE« 1Xa *OF SUNM OF SOQUARER’ Y

FORMAT( ‘ORUE TR REGRESSION 2 s T4 F13, 7
1sF10, 22 F 7 2eF12, 20

FORMATC " DEVIAION ARQUY REGRESSION' s ISaF{2,.2xF10,77
FORMAT(RX " TOTAL w11 T4 F 1,277

FORMATL " NQ IMPROUEMENT )

FORMAT (LM 27%: 0 TARLE 0F RESINUALE </

114 HOBSERVATION MQ.aSXs7HA WALUE s 7¥a PHY WALUE : 7%
210HY EQTIMATE s 7% SHRESIRUAL /¥

FORMAT (X 16 P18, 5 F14,5sF 17, S F 1S, 52

FORMAT /8081

REAR(SS1&ITITLE

REARIS 1 1MaMaNPLOT

URITECSs 18ITITLE

MEITECSﬂZR

WRITE(&247N

REAR INPUT DATA

L=NeH

BRQ 110I=1sM

J=L4]

REARISa kY XOIys¥id)

CALL GRATAIM:M:¥s RARSST{s Ra SUMSRY

HM=H+1 '

SUM= 0

MY -1

DR 200 I=isK

ISAYE(T =1

CALL ORDER{MM DsMMs I ISAYE
CALL MIMWIDIaIsDET:R:T
CALL MULTRIM I XBAR: STR: SUMERs DI TOAVE s Re QB T2 AHS
URITE(&sS) I

IFOANSLZ:Y 1400120:120

™
el
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a1
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UARIANCE OF ESSTIMATE
FN'H‘K"

=88R :
ST%NQQRB DEYUIATIONS OF RESRESSIOM CREFFICIENTS

1 ) ‘

P Y

f

RO 130 Jd=1sf

Li=skei =114

L=I8aYEL.0)

BRI =SORTIARS((RMNILEI/RILY 1 0SY )
COMPUTEDR T-uaLiEs
TEAY=ROSI/BRES

STANDARR ERROR OF SRTINATE
BY=B0RT{ARSIBY !
Fouatue

Fi=K
SBARK=0SAR/Fl
SEDRM=REDRFN
F=BBARN/2EDEH
ANBLTY-RQ
ANSL21=RH
ANB{ZY=EY
AMEL4=0848
ANR{TI=FE
ANBLEY=E8ARN

ANS(71=88D8

et

ANBIRY=FH
ANR{PI=BEDRN
ANEL1L Y =F
RETURM

MR
DURRQUTINE PLD
RIMEMSION QUTL
FORRAT IR & &
FORMAT(IH sF11 :

FORMAT(LH 3
FORMAT{10H 123454789
FORMAT (1041}
FORMAT(IH +18¥:101H

4

3 .
FORMAT IHO» 92 11F 10,42
NLL=HL

IFNRI 836514

SORT RARE VARIABLE I ASCLMRING OQRDER
e 18 I=isM

DO 14 AiaM

IFCALTY-Al8YY 14514511

L=I-N
LUmd-H

R 12 K=1sH
L=l4i

I-6/9
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8OTR 50

HRITE(&s7)

YPRE1I=YNIN

B0 §0 KH=1:9

YPROKNAT P =YPROKNI $YSCALRI0. O

YPR{11 r=YMAY

waxt€<s.sa¢vv&c:s;;zp=z,zzz

RETURN

END

SUBROUTINE GDATA(MaNsXs XBAR STy D SUNSQ?
RIMENSION ¥(11sXBARCIYaSTRILIaRI1) - SUNRICL)
IF(M-1) 105 105:50

Li=0

RO 100 I=2sH
Li=L 14N

RO 140 J=1sM
L=litd

=t ~H
RiLy=Xikyexit:
HH=M+1

DF =y

L=0

R 11T I=1aHH
XRARI Y =0,

D0 110 JS=laM
L=l4d

ARARIII=XBAR(IIFX(L)
FRAR( I =XBARCII/TF
D130 I=ia8M
STRITI=0,
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Q 170 k=isH
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173

190

3

-
-
Y

DILY=RILY-STR{IJESTRISIADF
L=0

D0 180 I=1aMH

L=L 41

SUMSR(TF=DILY
STR(IY=SORT(ARS(DILY}}
CALCULATE CORRELATION COEFFICIENT
L=0

no 190 J=1aMM

DO 190 I-1sld

L=ttt
RILY=DR(LYALSTROTIRSTRISY )
CALCULATE STANDART DEVIATION
DF-SARTIOF-1.0%

RO 200 I=1sHM
STROIY=STR(IN/DF

RETURN

D




APPENDIX II
Input Specifications

Data file contains control cards and data cards

(i) Control Cards
Card Variable Description Format

First TITLE Title of the problem A

Second N " Number of observations I5
M Highest degree poly-

nomial to be fitted. I2

- NPLOT Option code for plott- Il

ing ¥ values and Y
estimates versus base

variable X

0 if plot is not required
1 if plot is required
(ii) Data Cards

Input data are read into the computer one
observation at a time i.e. each pair of X and Y values

in free format.
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APPENDIX ITII

Output Description

The output for the polynomial regression programme includes

(1)

(2)

(3)

(4)

Regression coefficients for successive degree
polynomials.

Analysis of variance for successive degree
polynbmials.

Table of residuals

Plot of Y values and Y estimates versus base

variable X.
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APPENDIX IV
Test Data
The programme for polynomial regression has been run on
93 years (1887-1979) annual peak stage data of river Narmada
at BROACH. This has been done in order to see the trend in the

data. The stage data is given below :

Sl. Year Stage S1. Year Stage ¢g1. Year Stage

No. (m) No. (m) No. (m)
1. 1887 26.50 39. 1925 22.00 77. 1963 23.00
2. 1888 21.00 40. 1926 29.50 78. 1964 25.25
3. 1889 23.50 41. 1927 28.00 79. 1965 23.00
4, 1890 25.00 42. 1928 27.50 80. 1966 20.60
5. 1891 22.50 43. 1929 25.00 81. 1967 23.75
6. 1892 27.50 44. 1930 30.50 82. 1968 38.50
7. 1893 24,50 45. 1931 29.50 83. 1969 29. 60
8. 1894 30.00 46. 1932 29.00 84. 1970 41.50
9. 1895 21.50 47. 1933 34.00 85. 1971 26.00
10. 1896 30.00 -48. 1934 29.50 86. 1972 32.00
11. 1897 27.00 49. 1935 23.50 87. 1973 36.50
12. 1898 30.00 50. 1936 26.50 88. 1974 29.98
13. 1899 18.25 51. 1937 30.50 89. 1975 28.50
14. 1900 28.00 52. 1938 30.50 90. 1976 26.50
15. 1901 26.50 53. 1939 34.00 091. 1977 26.99
16. 1902 20.50 54. 1940 26.50 92. 1978 29.54
17. 1903 23.50 55. 1941 29.00 93. 1979 31.49
18. 1904 21.50 56. 1942 34.50

19. 1905 30.70 57. 1943 25.50

20. 1906 32.50 58. 1944 35.00

21. 1907 25.00 59. 1945 33.00

22. 1908 24.50 60. 1946 27.50

23. 1909 17.00 61. 1947 31.50

24, 1910 25.50 62. 1948 29.50

25. 1911 20.50 63. 1949 29.00

26. 1912 28.00 64. 1950 35.00

27. 1913 33.00 65. 1951 23.50

28. 1914 21.50 66. 1952 23.50

29. 1915 24.50 67. 1953 33.00

30. 1916 27.50 68. 1954 29.50

31. 1917 27.00 69. 1955 28.50

32. 1918 19.50 70. 1956 27.00

33. 1919 32.50 71. 1957 27.50

34. 1920 22.50 72. 1958 25.50

35. 1921 24.50 73. 1959 33.00

36. 1922 24.50 74. 1960 25.50

37. 1923 30.00 75. 1961 25.20

38. 1924 27.00 76. 1962 32.30
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APPENDIX VI

TEST OUTPUT

?3 YEARE STAGE DATA AT BROACH
POLYNOMIAL REGRESSION,.....

HUMBER OF QRSERUASIONS 83

FOLYNOMIAL REGRESEION OF REGREE i
INTERCERY 24,8228

REGRESSION CREFFICIENTR
o 0818

N
A

AHALYSIE OF UARIEMCE FOR IDFGREE OF PO YNOMIAL
£ BRURCE OF YaRIATION CREGREE oF - B OF  HEAN F IHPROVEMENT INTERMS
FREEDONM SRUARES  SOUARE  vaALUE OF SUM OF SOUARES

UUHE TN REGRERRIOM 1 250,38 250,78 14,10 254,38
DEVIAION ARDUT REBRESSION 91 1615,39 17,78 -
TOTAL e 1845 .77

POLYHONIAL REGRESEION OF REGREE 2
INTERCEPTY 23,8397
REGREBSION COEFFICIENTS

Be1308 =0 A0S

o
AALYSIE OF VARIENCE FOR PREGREE OF POLYMOKMIAL

0 SQURLE OF YARTATION DEGREE OF S aF  HEAN F INPROVENEMT IMTERMS

FREEDON SQUARES  SGUARE  walUE OF SUM OF SQUARES

ORUE TN REGRERSIOH 2 261.40% 134,88 7,32 10,71
DEVIAION ARQUT REBRESSION 90 1604, 48 17,83 '
TRTAL w2 1R&%. 77
POLYHOMIAL REGREBSIDM..cvve
POLYNONIAL REGRESRIOM OF DERREE 2
0
TABRLE OF RESIDUALS
ORECRVATION NO. s X oUALUE ¥ WALUE Y ERTINATE RESTRUAL
1 1. 00000 28 BO00L 2. 94982 2538417
2 2 00000 2t.00000 ?4,asqee -3.05888
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